There are mysterious spiral nebulae around some
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geometry. The dust then continues outward where the
cavity persists as a scar indicative of earlier interaction
with the tertiary star. Rather than destroyed, we in-
vestigated several scenarios where the dust is displaced
but none could reconcile the observed geometry in the
nebula (this is discussed further in Section 4.1).

The root cause of the apparent cavity of dust in the
Apep nebula is almost certainly a combination of several
processes in parallel. From our derived geometry of the
cavity, we are able to discern some relative dominance
between competing effects. The main pieces of informa-
tion we have pertaining to the dust physics is that the
cavity open angle is approximately 90 & 10°, and that
the O supergiant companion lies 1700 & 200 au from the
WR+WR central engine — with these two pieces of in-
formation together, we find that the radius of the cavity
when the dust shell directly passes the O companion is
also about 1700 au.

The first avenue to dust destruction we consider is
grain sublimation as a result of radiative heating from
the O star. For a UV source of brightness Lyv and grain
sublimation temperature of Ty, T. Hoang et al. (2019)
gives the sublimation distance as

£ LUV 12 i":mb o
sub = 0.015 (mﬂLg) 1800K pc (1)

For carbonaceous dust with sublimation temperature ~
1800 K (R. M. Lau et al. 2023), and a source of UV
luminosity ~ 10% L, we arrive at a sublimation radius
of ~ 30 au. This is two orders of magnitude smaller than
the required dust destruction radius of < 1700 au, and
so grain sublimation cannot be the dominant process of
dust destruction in the Apep nebula.

The second process of destruction we consider is by
grain-grain or grain-ion collisions inducing grain shat-
tering. O supergiant stars, like Wolf-Rayets, are char-
acterised by fast and dense winds, so we would expect a
significant wind-wind shock where the nebula intercepts
the supergiant wind. To test whether we observe such
a shock as expected, we consider the wind momentum
ratio, )

. ﬂ{l“&o,l (2)
Msvag 2

where M and v, are the mass loss rates and terminal
windspeed of each star, and how this momentum ratio
relates to the shock opening angle

3
121 31

ngw=|——=—— 3

1S/ W (GOA/Q 90) (3)

given by P. G. Tuthill et al. (2008); K. G. Gaylev (2009),

where ng/w is the ratio of the stronger to the weaker

wind, and f#g, is the shock opening angle. Inserting
an opening angle of 90° yields a momentum ratio of
nsyw ~ 13 for the mixed WR+WR wind to the O8Iaf
wind. If a wind-wind shock is the dominant influence on
this cavity, we would expect to recover a similar wind
momentum ratio with equation 2. For this, we can use
our nebular expansion speed of 1020kms~! and esti-
mate a mass flux of ~ 1071 — 10747 M, yr~!; the ex-
act mass flux is difficult to discern since it is the mixed
product of two WR winds, each with different intrin-
sic mass loss rates, but each should be independently in
this range (J. R. Callingham et al. 2020). J. R. Calling-
ham et al. (2020) gives the terminal windspeed of the
O star as 1280 + 50kms™", and if we assume a mass
loss rate in the range 10752 — 107% Mg yr~! (typical
for O supergiants of this spectral type; P. A. Crowther
& C. J. Evans 2009), we can recover a wind momen-
tum ratio of g sw ~ 13 using equation 2. This result
implies that the cavity geometry may be explained at
least partially by the presence of a tertiary shock with
grain-ion sputtering. Although the radius of the cavity
is 1700 au, the tertiary shock front will be significantly
closer to the O star at the point of stagnation between
the mixed WR+WR wind and the O star wind. Follow-
ing B. Marcote et al. (2021); J. Canté et al. (1996), the
stagnation point will be at a distance

T'tert ( 4)

1/2
1+ g w

R“r/s ==

from the O star (with the weaker wind). Inputting
our distance and wind momentum ratio values gives a
distance of ~ 370au, which is still an order of magni-
tude too large for the dust destruction mechanism to be
from dust sublimation. In Section 4.1 we describe more
mechanisms that may be working in parallel on the dust
grains within the cavity geometry.

4. DISCUSSION AND CONCLUSIONS

In light of the finding of accelerating dust shells of
WR 140 (Y. Han et al. 2022), we incorporated dust ac-
celeration for the first time into a geometric model. We
chose a phenomenological prescription that can account
for a range of smooth acceleration profiles as described
in Appendix B.3. We find that there is no evidence of
dust acceleration nor deceleration in the dusty shells of
the Apep nebula. The former result is expected, since
this acceleration is expected to be due to radiation pres-
sure significant only at very small orbital phases (which
are not probed in our imagery; Y. Han et al. 2022), while
the latter result indicates there are negligible drag forces
acting on the shells as they expand into the ISM. This
in turn implies that the strong winds from this WR sys-
tem kinematically dominate the surrounding region at
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least to the limits of the shells we see. Our imagery also
indicates that the dust from the Apep nebula is capable
of surviving for at least 3P4, ~ 600 yr while subjected
to the harsh ISM environment.

Since the discovery paper of the Apep nebula, there
has been a puzzling contradiction between the measured
nebular expansion and the spectroscopic wind speeds of
the central WR stars (J. R. Callingham et al. 2019).
Our fitted expansion speed of 1020 £ 100kms~! (at
an assumed distance of 2.475% kpc; Y. Han et al. 2020,
submitted) confirms this discrepancy. A proposed res-
olution to this is that at least one of the WR stars in
the system has a slow and dense equatorial wind with
a fast polar wind, such that the observed slower uni-
form expansion of the shells and fast winds may coex-
ist. To investigate this we incorporated a phenomeno-
logical anisotropic wind into the geometric model that
alters the expansion speed and opening angle of some
sections of the simulated shell so as to emulate orbital
phase-dependent wind conditions as different latitudes
of the WR stellar surface contribute to the wind-wind
shock (Appendix B.4). Such a model cannot rule out
or confirm anisotropic winds where the stellar rotation
is aligned with orbital motion. However, using this
we have found that it is unlikely for the (would-be)
anisotropic star to have its rotation significantly mis-
aligned with the orbital plane as we do not find any
geometric signatures of this in the nebula. If the slow-
wind region extends to high stellar latitudes, we would
also not be able to detect such a shell deformation. This
is consistent with previous spectroscopic observations of
a fast polar wind, given the plane of the orbit is almost
in the plane of the sky (inclination of 24 & 3°). Investi-
gating this further with hydrodynamic simulations will
be essential to determine if Apep really does harbour a
critically rotating star that may be a long gamma-ray
burst (LGRB) progenitor.

4.1. Effect on Dust Grains in the Cavity

Our tertiary cone modelling does not exactly produce
the observed structure and one of the last remaining
mysteries in the Apep plume geometry is the origin of
the horizontal ridge outlining the cavity on its southern
border. Our first interpretation of this ridge is that the
O star may deflect some proportion of the dust onto this
outer ridge, but modelling this has proven difficult. We
considered and implemented several models of deflection
in an attempt to explain this ridge, where the O star de-
flects dust particles: into a ring along the entire cavity
edge; onto the cavity edge on those angular coordinates
co-located with the dust; or onto a central angular po-
sition along the cavity boundary with some azimuthal

spread, but all three models were unsuccessful in repro-
ducing the geometry. The first two ideas significantly
over-predict ridges at other locations that are not seen
in the observations, and the third can produce a ridge
in the correct location (by design) but at an angle which
does not match the observed ridge. Given that this is
a persistent feature across the shells, we do not think
that this is an anomalous dust feature (created by e.g.
a surface mass eruption). Consequently, our picture of
the tertiary shock is that it does not displace dust grains
but rather destroys them. Estimates on the dust grain
properties within and around the cavity are difficult to
discern without spectra, however, but constraints can
be inferred based on the environmental conditions.

The disruption of dust grains via radiative torques
(radiative torque disruption — RATD) has recently been
studied in the context of Wolf-Rayet colliding wind bi-
naries (R. M. Lau et al. 2023; T. Hoang et al. 2019).
This occurs due to high energy photon absorption in-
ducing rotation in asymmetric dust grains, thereby in-
ducing a centrifugal stress which can disrupt the grains
(T. Hoang et al. 2019). At a given distance r, pc from
a central point source of luminosity L. (units of 10° L)
with mean wavelength Aq 5 (in units of 0.5 gm), the max-
imum size of dust grains with tensile strength Sy (units
of 10? erg cm ™) surviving this mechanism is given by T.
Hoang et al. (2019) as

S 1/2.7
ararp > 0.003197 (A3 LTV 5y2) T i (5)

Using this, together with our cavity edge distance
of 1700 au, a mean wavelength given by a blackbody
distribution of 30kK, a luminosity of 10°Y Ly (typi-
cal of O8Iaf supergiants), and a grain maximum ten-
sile strength of 10° ergem ™ (for disordered grains, T.
Hoang & L. N. Tram 2019), we obtain a maximum sur-
viving dust grain size of ~ 4 nm. The timescale on which
this destruction takes place is

TRATD =~ % X5 TLr28y"% (10 agarp) ™7 yr (6)
which, with the same parameters and calculated maxi-
mum grain size, is ~ 6yr (T. Hoang et al. 2019). More
ordered, stronger grains such as graphite can have ten-
sile strengths of ~ 2 x 10'%ergem =2 (T. Hoang & L. N.
Tram 2019), however, which results in a maximum grain
size of ~ 13nm and destruction timescale of = 12yr.
We note that the maximum grain sizes and destruction
timescales due to the RATD mechanism could be under-
estimated by factors of a few given our orders of mag-
nitude uncertainty in the tensile strengths across the
true grain distribution. We also note that these calcu-
lations are done given parameters at the periphery of
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the dust cavity; in reality, we might expect a gradient
of dust conditions across the cavity ‘surface’. These cal-
culations assume that the environmental conditions are
constant across the destruction timescale, when this is
not the case: the dust shell, produced from the colliding
wind of the WR+WR binary, is moving radially out-
wards first into the O stars wind and radiation and then
out of it. In parallel the dust is becoming less dense as it
expands into a larger shell surface with time, implying
that the dust grains will be less shielded from radiation
as time goes on (which explains in part why the tertiary
star apparently destroys so much dust compared to the
similar radiation environment of the central WR+WR
binary).

Our overall picture of the dust destruction resulting in
a circular cavity consists of several processes in parallel.
We suggest that the tertiary wind-wind shock breaks
down large grains into nano-grains via grain-grain and
gas-grain collisions, while the radiation pressure from
the O supergiant disrupts large grains above ~ 4nm
into nano-grains via the RATD mechanism. The closest
< 1700 au to the O tertiary will see an ionising environ-
ment up to orders of magnitude more intense than the
photon-dominated regions around sites of massive stellar
formation (mainly due to the much smaller length scales
involved in the cavity, albeit on shorter timescales), and
so nano-grains will be photodissociated by the UV flux
as they are formed (T. Schirmer et al. 2022). The many
competing phenomena warrant the use of detailed sim-
ulations, for example with a hydrodynamical code, to
model this observed geometry in Apep in future studies.

4.2. Orbit of the Tertiary Star

If we take the distance to the Apep system to be
2.4kpe (J. R. Callingham et al. 2019; Y. Han et al. 2020),
the tertiary star must be presently 1700 4 200 au from
the WR+WR binary centre of mass. Given the posi-
tioning of the dust cavity, the O star is approximately
34 £+ 10° above the plane of the WR+WR orbit. If the
tertiary star is in a circular orbit at such a distance,
with a total system mass of ~ 80M,, the orbital period
should be of order P, ~ 8 x 10 yr. If this is the case,
we would expect the tertiary star — and by extension
its associated cavity in the dust plume — to move ~ 28°
in its orbit around the common CoM over the 3 visi-
ble dust shells and 3F,,, ~ 600yr of visible dust in the
JWST imagery. This extent of cavity displacement is
not supported by our fits which is constrained to < 10°
of movement. Imaging of even older shells — which would
be cooler, older, and larger — with the Atacama Large
Millimetre Array (ALMA) may unambiguously reveal
the movement of this cavity over a longer timescale.

Similarly, detection of molecular lines, and their sub-
sequent radial velocity profile, in the Apep nebula with
ALMA would yield an unambiguous expansion velocity
(and corresponding orbital period) of the nebula.

The slow movement of the cavity can be explained if
the O star companion is on an eccentric orbit, where it is
presently near apastron and moving slower relative to an
analogous circular orbit. This is a plausible explanation,
since often in hierarchical triples the companion star is
on a highly elliptical, distant orbit (S. Toonen et al.
2016; J. M. O. Antognini & T. A. Thompson 2016). In
such a case, the tertiary star will have a perturbative
influence on the dynamics of the inner binary. Even with
a modest eccentricity of epory = 0.1, the Kozai-Lidov
timescale of this configuration would be of order Py, ~
10° yr (S. Naoz 2016; J. M. O. Antognini 2015). Massive
stars — which eventually evolve into WR stars — have
lifetimes of a few million years, and so the Apep system
will have experienced several Kozai-Lidov timescales at
minimum; since this mechanism can in principle pump
the eccentricity of the inner binary up to values of ¢ =
0.95, the companion star must be accounted for in any
binary evolution studies of the Apep system in order
to discern past epochs of close passages and/or mass
transfer.

4.3. Concluding Remarks

The creation and processing of dust grains into the in-
terstellar medium influences all areas of astronomy, and
the binary WR stars together with the dust-destroying
O supergiant at the heart of the Apep nebula cements it
as a truly unique astrophysical laboratory. The JWST
observations of Apep reveal luminous circumstellar dust
that is several times the age of that revealed around
WR 140 in previous observations (R. M. Lau et al, 2022;
E. P. Lieb et al. 2025), and support our finding that the
O supergiant ‘northern companion’ is dynamically as-
sociated with the binary WR stars in Apep; this is the
first time that dust destruction has been observed by a
tertiary star in a colliding wind nebula, and marks Apep
as part of a rare class of triple colliding wind binaries to-
gether with WR 147 (L. F. Rodriguez et al. 2020). Our
work motivates more detailed simulations of the dust
destruction in such a system, for example with a hydro-
dynamic code, and the modelling of dynamical effects
of a tertiary star on the binary evolution in Wolf-Rayet
colliding wind binaries.

5. DATA AVAILABILITY

The JWST data used in this study were ob-
tained from the Mikulski Archive for Space Tele-
scopes (MAST; https://archive.stsci.edu/missions-and-
data/jwst) at the Space Telescope Science Institute,
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under JWST GO program ID 5842, The JWST
data used in this paper can be found in MAST:
doi:10.17909/mf14-gal9.

6. CODE AVAILABILITY

The geometric model code, xenomorph (R. M. T.
White 2025), is open source on GitHub and available at
github.com/ryanwhitel /xenomorph, with a documen-
tation site online at ryanwhitel.github.io/xenomorph/.
We encourage community contributions to the code
through pull requests, and any suggestions or feedback
on the state of documentation. The code makes use of
Jax (J. Bradbury et al. 2018), NumPy (C. R. Harris
et al. 2020), Matplotlib (J. D. Hunter 2007), SciPy (P.
Virtanen et al. 2020), and Astropy ( Astropy Collabo-
ration et al. 2013, 2018, 2022). The version of the code
current to the date of publication is available on Zenodo
and can be accessed via doi:10.5281 /zenodo.15875502.
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APPENDIX

A. IMAGE DATA PROCESSING
A.l. For the Poster Image

We use the software Pixinsight' for the generation of the image shown in Figure 1, aimed at generating a false-colour
composite image for visual recognition of the shell structures and other features in the image. We start by cropping
the image and filling in parts of the image missing data by interpolation with surrounding pixels. We then construct
the false-color composite by assigning the channels red, green and blue respectively to F2550, 0.5 x F770+ 0.5 x F1500,
and F770. A rectangular segment containing little dust or stars is set as a background reference and the colours are
transformed such that this is set to a neutral grey colour tone. We then apply a custom nonlinearisation to the image

! https://pixinsight.com/
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Wind Shock

Nucleation Distance

Figure 4. The idea for the geometric model is to initialise a ring of points around the wind-wind shock at some nucleation
distance behind the secondary star (usually an OB-type star). As the binary orbits the common centre of mass, the formed dust
(and discretised rings/particles in the right figure) gets wrapped into a spiral as it expands out from the central source. Note
that there are orders of magnitude fewer particles (compared to the default code setting) in the right-side plot for visnalisation
purposes.

to reveal the background shells, and increase the colour saturation. Lastly, we use the Python package starnet++2, a
neural-network based tool to mask the stars and apply a custom colour transformation to get closer to the appearance
of a blackbody. We emphasise that the aim of these processes is for aesthetic and visual purposes rather than scientific.

A.2. For Geometric Fitting

The fitting of geometric forms to data relies primarily on the alignment of ridges present in both the model image
and the observed data. Therefore, we minimally processed the raw VISIR and MIRI data to accentuate the ridge
geometry. To do this we performed a 64th percentile background subtraction on each image then normalised all pixel
values to be between 0 and 1 (by taking a floor of 0 brightness and then dividing by the maximum value). We then
raised all pixel values to the 0.5th power which emphasised the nebula brightness suitably for fitting. The reference
images in Figure 2 (shown by the blue shading) have been processed in this way.

B. THE XENOMORPH GEOMETRIC MODEL

The basic idea that underpins the geometric model is to approximate instantaneous dust production within the wind
collision region as a ring expanding from the stagnation point down the surface of the wind-wind shock cone. This
ring is initialised in the orbital plane at the location of the ‘secondary’ star (in terms of wind strength, not mass as
is convention), and ejected along the line of sight from the primary star to the secondary at the wind speed of the
primary. As the two stars orbit each other, the direction of ring ejection changes with the result that the plume *wraps’
to create the characteristic spiral. This is illustrated in Figure 4.

Even at this basic level, the model has a multitude of parameters that can be changed at run time. The parameters
most fundamental to this geometric approximation are the number of discretised points within each ring, and the
number of rings to produce over the course of one orbital period. Ideally both of these would be as large as possible
in order to reduce the error associated with approximating a continuous process as discrete (so-called quantisation
error); practically we usually set these to be 400 points per ring and 1000 rings per orbit which provides a dense point
cloud for the nebula.

To render the point cloud into an image that resembles the real nebulae, we take a histogram of the line of sight
projection of the cloud. Even though these nebulae are three dimensional, in imaging we observe the column density
of the dust due to its projection onto the plane of the sky. Hence by collapsing our modelled 3D point cloud to a 2D
image we can reproduce the observed images. By utilising the weighting functionality of histograms, we can selectively

2 https://www.starnetastro.com/
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alter the importance of selected points in order to emulate physical phenomena responsible for sculpting the nebula
(e.g. dust turn off, azimuthal variation, etc.).

Previous geometric models have been successful in reproducing the structure of the spiral nebula, although they are
computationally inefficient. If parameter inference is the goal of using these models, we need to make the model as
computationally fast as possible so as to reduce compute time, both for interactive fitting and particularly to enable
machine optimisation with an MCMC. Further, the high dimensionality of these problems requires that gradient-
based, Hamiltonian Monte Carlo (HMC) methods be used so that the model can converge to a valid solution in finite
time. Fortunately, the JAX Python framework (J. Bradbury et al. 2018) offers automatic differentiation capability for
Python code and comes standard with Just In Time (JIT) compilation that speeds up model evaluation significantly.
Therefore, creating a geometric model from scratch with JAX allows us to satisfy all needed criteria at once. Indeed,
our complete code takes of order < 0.1seconds to generate the hundreds of thousands of particles in the point cloud
and render them into an image, compared to that of ~ 5s with an equivalent implementation in stock NumPy (C. R.
Harris et al. 2020).

B.1. The Basic Ring Model

Before rings can be created, we first need a model of the binary orbit so that we know where to initialise the rings
and in what direction they move. The motion of two celestial bodies in their mutual orbit is described by Kepler's
equation (C. D. Murray & S. F. Dermott 1999, for a review of the two-body problem). To calculate the true anomaly
of a star at any point over the orbital period (i.e. with known mean anomaly, M), Kepler’s equation

M=F—esinFE (B1)

must be solved for the eccentric anomaly, E. Traditionally, this is solved by an iterative method which converges to the
correct value of E given M. Those iterative methods are not differentiable, however, and so we use the non-iterative
method described in F. L. Markley (1995) and implemented in JAX in S. Hattori et al. (2024). From the eccentric
anomaly, we can then calculate the true anomaly, v, analytically via

v = 2atan2 (V1 + esin(E/2), V1 — ecos(E/2)) (B2)

Since the mean anomaly changes linearly with time, this calculation of true anomaly provides the angular position of
each body relative to the focus of their orbits (i.e. the centre of mass) at constant time intervals.

The choice of mean anomaly grid is directly proportional to the time domain over which dust is produced. If the
system in question produces dust constantly, a grid choice encompassing 0 < M < 27 then results in the relevant
true anomalies with which to initialise rings. If the system is an episodic dust producer, i.e. produces dust between
a well-defined dust ‘turn on” and ‘turn off’, the choice of a mean anomaly grid is not so straightforward. Previous
implementations of the geometric model would initialise rings over a full circle of mean anomaly but then discard
rings whose true anomaly fall out of the specified turn on/off range. As producing ‘invisible’ rings requires significant
computational work — the same compute time as the visible rings and to no effect on the visible nebula — we avoid
this and devise a method to produce only rings that contribute to the visible spiral plume.

To produce rings only between dust turn on/off, we need to find a grid of mean anomalies between our true anomaly
bounds; essentially the inverse problem to that described above. We begin with our true anomaly bounds, 14 o, and
Vi_off- For true anomaly we follow the convention that periastron corresponds to ¥ = 0 and so we expect that the
turn on is in the range —m < vy o, < 0 radians, conversely 0 < vy g < 7 radians for turn off anomaly. The eccentric
anomaly corresponding to dust turn on is then calculated as

Vi _on 1+e
E; on = 2atan?2 (tan( té ) A T2 e) (B3)

and the same is used to calculate E; .5 instead with vy .. The result of this can be substituted into Equation Bl to
then obtain the mean anomaly bounds corresponding to dust turn on/off, M; /0. For the episodic dust producers,
we create a grid of mean anomalies in the range M; o, < M < M; og for each single shell which is fed back into the
solver to find the true anomalies corresponding to the stellar orbits.

In order to eventually determine the size and distance of each ring from the binary centre, the age of each ring must
be calculated. An equally spaced grid within the mean anomaly bounds naturally provides an equally spaced grid in
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time. The age of the ring corresponding to each mean anomaly value, relative to the orbital period (i.e. in the range
0 < tage < 1), can then be calculated by

fage = mod (W — 9, 1) (B4)

where ¢ is the current orbital phase of the binary. Equation B4 results in rings created at the current orbital phase
having the lowest age, and those at the previous mean anomaly grid position having the largest age. When multiple
shells of material are being simulated, the grids of mean anomalies and ages are tiled Ngpen times, where each successive
tiling has an additional +1 to the age which accounts for the previous orbital periods of time. To convert from this
nondimensionalised age relative to the orbital period into an absolute time, we can simply multiply by Py,

Using the true anomalies corresponding to dust production, the positions of the stars in their orbits can be calculated
so that the positions and orientation of each ring can be found. The nondimensionalised position of the primary star
is calculated as

F1 = (cos(v), sin(v), 0) (B5)
for each true anomaly value, where we note that we take the orbital motion to be in the x — y plane; the corresponding
position of the secondary is just the negative of Equation B5, f; = —f;, since angular displacement of the stars is

always 7 radians relative to the system barycenter. To convert this into a true distance, we multiply by the distance
of each star relative to the system barycenter, 7y /o = 1179 £1/2, where

rij2 = ay/2(1 — ecos(E)) (B6)

for each corresponding eccentric anomaly to the true anomaly, and for each star. From Kepler's Third Law, the
semi-major axis of the binary system is

L G(ﬁ'ﬁ + Mz)H?.-b o (B?)
n 42
and so the semi-major axis of each star in their orbits relative to the system barycenter is
My M,y
. ; e L B8
UEM M PTOM+ M, (B8)

Calculating the absolute positions of the stars, especially relative to each other, is necessary when determining the
position and angle of each ring relative to the system.

We construct the rings along the z-axis (so that a circle is seen in the y — 2z plane), and populate them with Npaiticles
particles per ring; this means that there are a total of N = Nyjugs X Nparticles particles in the ‘point cloud’ of each
nebula shell. The particles are linearly spaced within the ring and constitute a full circle, such that 0 < .50 < 27.
The coordinates of the particles within each ring depends on the plume opening angle, 84, by

o 0, o
f‘pnl‘ticle o (COS (%) 1 sin (%) Sin(aparticlc)! sin (%) COS(Gparticle)) (Bg)

The particle coordinates within each ring are then scaled by the distance they should have travelled given the ring age
and the WR dust expansion speed,

rFpart icle = Udust tage i;parti.cle.* {B 10}
This expands the ring along the surface of a cone projecting outwards from the system centre, and both enlarges the
ring and displaces it by the appropriate amounts. The direction that this cone is facing is caleulated from the current

stellar positions as
@ = atan? ( ?{,2 . ?f,l . {2 - fl ) (B11)
17 =72l [[F — 7l
which is the angle from the primary to secondary star in the orbital plane. Since the rings are created along the
z-axis, they must be rotated about the z-axis by ¢ so that they align with the direction vector of the primary to the
secondary. That is, we update each particle vector to be

T
cos(p) —sin(e) O] |particle

= — T .
Tparticle = (Rz ({r':’)'r[?;rticle) o 5111{(:0) COS(W) 0 Yparticle (Blz)
0 0 1 Zparticle
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While Equations B9-B12 are described in terms of a single particle, these operations are applied to all of the particles
that belong to a single ring at once. This procedure is made computationally efficient by the vmap functionality within
JAX, which automatically vectorises the particle and ring mathematics.

In our simulations we create each ring with Nparticles = 500 particles and each shell with Ny,ee = 1000 rings.
These numbers were chosen as a suitable middle ground between computational performance (which would favour
fewer rings and particles) and dense spatial sampling of the plume (which would require as many rings and particles
as possible). Since the true colliding wind nebulae are smooth to first order, our approximation of a point cloud
introduces quantisation error into any rendered image. Hence, our choice of Nparticles and Nyings was motivated so that
there would always be a small but non-zero number of particles in even the lowest density rendered pixels.

With our point cloud generated, next we need to render an image of the simulated nebula so as to compare it to
observations. For this, we collapse our 3D point cloud into two dimensions which is analogous to its projection in the
plane of the sky. We then take a 2D histogram of these collapsed particle locations which produces a ‘heatmap’ of the
nebula. Although this is a simple procedure, producing a column density of particles in this way is essentially what
we observe when taking real astronomical images of optically thin material: the line of sight projection of material in
the field of view. As a by-product, using a histogram allows us to very easily change the number of bins in the render
as a proxy of changing the angular resolution of the simulation. This proves useful when comparing a simulated image
to that taken by a telescope; we can render the image with the exact number of pixels (bins) needed on the correct
angular pixel scale by manually fixing just two parameters.

Since the image is rendered in two dimensions, we must first ensure that the plume geometry is consistent with
the orbital elements prior to rendering. That is, we must rotate the entire point cloud in 3D with the appropriate
Euler angles so that the point cloud resembles the true geometry from our (observer’s) perspective. We update the
coordinates of each particle within the point cloud, Fpasticle. as

f-'.part,i(‘.l(-: — (Rz {_Q)Rz ( _3:) R; ( _w)f-..];{lrticlc) - {B 13)

where (1 is the binary orbit longitude of ascending node, i the inclination, and w the argument of periastron. Note
that these parameters do not affect the intrinsic geometry of the nebula, but only its projection into the plane of the
sky.

B.2. Azimuthal and Orbital Variation in Dust Production

The first additional feature to the model that we consider is the azimuthal variation in dust production on each
created ring. WR 140 was observed to create dust most strongly on the trailing edge (with respect to the orbital
motion) of its shock cone in P. M. Williams et al. (2009b). In the time since, this phenomenon has been required
to reproduce the observed geometry of WR 140 in multi-epoch imaging including with JWST (P. M. Williams et al.
2009b; Y. Han et al. 2022; R. M. Lau et al. 2022; E. P. Lieb et al. 2025). This enhanced dust production along the
trailing edge of the shock has also been supported by hydrodynamical simulations of WR 104 (A. Lamberts et al. 2012;
A. Soulain et al. 2023), and also more generally in the case of CWBs on eccentric orbits with non-equal winds (M. N.
Lemaster et al. 2007).

Since we render each point cloud into an image via a histogram, we can apply weightings to each particle which
affects how much it contributes to the final geometry. Utilising this functionality, we model this azimuthal variation
as a Gaussian function multiplier applied to each particle within a ring and each entire ring respectively, similarly to
Y. Han et al. (2022). That is, the weighting factor of each particle from azimuthal variation is calculated by

. o . )2
S,y = Max {1 o (1 o Aaz) exp (_ (ghart.lcleggz'gaz_nun} ) 1 0} (B14)

where A,, is the global strength of the variation, #,.,4icle is the angular coordinate of the particle within the ring (0°
being in the +z direction), #,, i is the location of the azimuthal minimum and o, is the spread of the variation
across the angular coordinates of the particles. Although each of these are free parameters, we usually set 0, 1., = 90°
in practice; this corresponds to the leading edge of the dust plume with respect to the orbital motion resulting in dust
production being weaker at the leading edge. A minimum value of 0 in Equation Bl4 is enforced since A,, can in
principle take any positive value, although it is usually in the range 0 < A,, < 1. This multiplicative factor calculated
for all of the particles within the ring, and we approximate this effect as being constant across orbital phases.
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Figure 5. The free parameters of Equations B14 and B15 change the depth and breadth of the strength variations in dust
production. The top axis represents the weighting applied to each ring as a function of true anomaly for a representative set of
free parameters, while the bottom axis represents the weighting applied to each particle within each single ring.

The dust nebula of WR 140 shows evidence not only of azimuthal asymmetry, but orbital modulation in dust
production between the classical turn on and off (P. M. Williams et al. 2009b; Y. Han et al. 2022). This manifests
as a dip in the dust production when the binary stars are near periastron which results in two distinct phases of
dust nucleation per orbit: at ingress and egress. We model this orbital modulation much in the same way as for the
azimuthal variation,

202

2

51!.?0113 — max {1 o (1 o Aorh) exp (_ (Vring o I"’t:rl;.miu} ) 1 0} (Bls)
orb

which is applied to an entire ring’s weighting. The parameters in this Gaussian are analogous to that of the azimuthal

variation, instead using the true anomaly of the entire ring instead of a particle angular coordinate, and with orbital

variation amplitudes and spreads instead of azimuthal. Although technically free, we set vorh_min = 180°, corresponding

to the periastron of the orbit where the dust production may be weak during the dust production phase.

For those systems that do not show signs of azimuthal and/or orbital variation, we may simply set A,, = Ao, = 1
in Equations B14 and B15, thereby setting the weighting effect to 0. We show in Figure 5 these weighting values given
the particle angle or ring true anomaly for multiple values of A and o.

When the true anomaly at the current orbital position falls between that of the turn on and off threshold values, the
produced rings contribute to the visible dust plume. We should not expect, however, that the turn on or off of dust
production is instantaneous, but rather that there is a gradual change in the production rate. Hence as an additional
feature, we have implemented a turn on/off smoothing in the dust production that was not present in previous versions
of the geometric model. To do this, we use a half-Gaussian function to decrease the weight of rings that are outside of
the usual dust production regime; this function has a value of 1 at the usual dust production true anomaly bounds, and
decreases with standard deviation ogaqual outside of the usual dust production regime. To include this we therefore
have to inject some rings outside of the usual dust production true anomaly bounds, vy oy /0. We modify the previous
bounds to now be

Vi_on = INax {_18005 Vt on — 2":*"—gml']ual}; Vit off = min {1800: Vi off + 21C"—grm'lual}‘ (Blﬁ)

where we include rings up to two standard deviations outside of the usual bounds. For each ring, we then apply a
histogram weighting of

2
Vring — ¥
exp (( ';;,? t.on) ) Vying < Vi.on

gradunl

5'wgmdlm1 =41 Vion < Vring < Vioff {Bl?)

{tring— Ve o )2
cexXp (_2:"21_’1 Vi off < Vring

gradual
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Azimuthal Variation Orbital Modulation Gradual Turn On/Off

Figure 6. Each higher order variation affects the dust plume in different ways. The top right plot shows how an arbitrary
test system appears with only the ‘basic’ model implementation as described in Section B.1. The bottom row shows each of
the higher order dust production variations discussed so far, and their effect on the ‘basic’ plume in isolation. The top right
plot shows the effect of including all of these features at once. The value of each effect in the figure is: ., = 60°; Ay = —1;
Oorb = 40%; Ao, = 05 Ogradual = 19°.

to emulate a gradual dust production turn on and off. With this as the final required weighting factor, the overall
weighting on each particle in the point cloud is calculated as

w = '-',-‘;”'-,12 X fj'”\n']n X J“'grmluul [B]-&}

For the Apep system in particular, we make more modifications to the total weighting of each particle which we discuss
in Section B.G.

B.3. Acceleration in the Dust Shell

Wolf-Rayet stars are among the most luminous stellar objects, and so the environment immediately surrounding
them is engulfed in intense radiation. The winds of these stars are known to accelerate to a terminal velocity some
time after leaving the photosphere of the star because of the intense radiation pressure from the star itself (D. C.
Abbott 1978). Further downstream, we should expect that the dust grains formed would experience intense radiation
pressure given that WR stars are at a significant fraction of their Eddington luminosity (G. Griifener et al. 2011; A.
Maeder et al. 2012). This radiation pressure has been observed accelerating gas around clusters of stars (N. Murray
et al. 2011), and has been used to explain the apparent acceleration of dust shells around WR 140 (Y. Han et al. 2022).

In the paper describing the radiative acceleration of dust around WR 140, the authors do not explicitly include
acceleration into their geometric model. For the first time, we include this acceleration in our model. Y. Han et al.
(2022) propose an acceleration model that is largely physically motivated: the dust nucleates at some distance from
the star in an optically thick regime while accelerating at a constant rate, then becomes optically thin some time later
and proceeds to accelerate at a decreasing rate. The strength of acceleration in this model is parameterised by radial
distance from the central WR+OQ binary, as one would expect from radiation pressure which follows an inverse-square
law. Unfortunately elements of this prescription are difficult to integrate into our geometric model; the ejected rings
are parameterised mainly by their age, which is subsequently used to calculate their (non-accelerated) radial distance.
In order to incorporate the acceleration terms from Y. Han et al. (2022) into our geometric model, an iterative method
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Figure 7. Wind anisotropies may be visible in the dust plume if the wind-dominant star is inclined with respect to the orbital
plane (left). In principle, the axis of rotation could also be misaligned from the periapsis of orbit (right) which might affect the
wind anisotropy evidence in elliptical orbits. We have an image available online €) that shows the effect of a modest (~ 30°)
spin-orbit misalignment with a faster polar wind.

would be required to find the correct accelerated distance. This introduces computational complexity and is at odds
with gradient computation in JAX.

To maximise computational efficiency and maintain gradient calculations, we instead use a phenomenological model
for acceleration parameterised by the dust ring age: the velocity of each ring is the exponential decay of some initial
velocity v; to a terminal velocity v, in the radial direction from the central WR binary. That is,

V(tage) = Voo + (v — Voo) exp (—104 tyg) (B19)

where A is a scaling constant which determines the slope of the exponential (i.e. the strength of the acceleration).
When v is in units of kms~! and tage in units of years, we find this exponential constant should be roughly in the
range 1072 to 10° years™!, or -5 < A < 0.

Including this acceleration into the model means that we replace the vq,s parameter in Equation B10 so that the
Equation now reads

Fpart.iclc = t’(tage) lage f'particlc (B20)

In modelling acceleration this way, we note that we can also easily simulate dust deceleration as needed. In Equa-
tion B19 we see that when v, < v;, the rings are decelerating towards a terminal velocity; conversely, v, > v; results
in dust ring acceleration as we would model in WR 140, for example. The detailed consequences of modelling acceler-
ation with an exponential instead of a power law have not been exhaustively explored. However the acceleration term
is dominant only at early orbital phases when the dust is close to the luminous stars. At present there does not exist
a large body of observations of the CWB systems at these phases, making comparison difficult. Since Y. Han et al.
(2022) and our implementation of acceleration both yield velocity converging to a terminal value, we expect that any
difference in geometric fits would be small and not the dominant source of model error.

B.4. Modelling Wind Anisotropy

One of the biggest unanswered questions about Wolf-Rayet colliding wind binaries is whether their spiral nebulae can
exhibit evidence of wind anisotropy, particularly in the case of the Apep system (J. R. Callingham et al. 2019). The
dominant wind in the Apep system has been suggested as being anisotropic on account of the large discrepancy between
the polar wind speed (measured through spectroscopy) and the nebula expansion speed (measured kinematically); the
idea here is that WC star in Apep may harbour a slow, but dense equatorial wind which is responsible for the visible
dust plume as well as a fast and sparse polar wind. This interpretation suggests that this star is critically rotating, in
which case Apep is the most likely LGRB progenitor candidate known in our Galaxy. It is therefore essential to look
for any evidence of wind anisotropy in the visible plume to investigate this hypothesis.

We present here the first attempt at integrating an anisotropic wind into the geometric model for the Wolf-Rayet
CWBs. Evidence of anisotropy in the dust plume may be present if the star with the higher momentum wind is inclined
with respect to the orbital plane of the binary; this would mean that the wind at the shock interface would change in
momentum depending on the orbital position of the stars. The inclination of this star may also be misaligned with
the argument of periastron of the orbit, w, which would affect the anisotropy-true anomaly correlation. These ideas
are shown in Figure 7.

We parameterise the strength of wind anisotropy based on the origin latitude of the wind that is currently causing
the colliding wind shock, 1. We take ¥/ = 0 as being along the equator of the windy star, and so the value of ¥ at any
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point along the orbit is calculated as

I(v) = |esin(v — =)| (B21)

where ¢ is the inclination of the star with respect to the orbital plane, and w is the argument of periastron offset, and
the absolute value assumes that the wind anisotropy is symmetric about the equator,

We expect that a wind anisotropy would manifest itself as a true anomaly dependence on the plume opening angle
and/or expansion velocity in the CWB nebula. This is because if the mass-loss or speed is latitude-dependent, the
momentum ratio of the winds at the shock interface would change depending on the wind origin and hence the plume
geometry should change as a result. We considered implementing a model in which the rings were elliptical (as opposed
to circular), but the WCR is always such a distance from the two stars that the local wind field is essentially planar.

Without detailed knowledge of the exact 3D wind fields around these WC/WN stars, we phenomenologically model
these opening angle and expansion velocity perturbations due to anisotropy as multipliers onto the standard parameters,
much in the same way we modelled azimuthal and orbital variations as histogram weighting multipliers. These
multipliers are

su(®) =1+ ('”'—' - 1) tanh (10™9P") (B22)
U(tage)
d0oa(?) =1+ (w - 1) tanh (10™0AgPoA) (B23)

where we have three additional parameters for each of the velocity and opening angle multipliers: the parameter of
subscript. ‘polar’ denotes the value of that parameter due to the polar wind, the m, and moa represent the value of
a constant multiplier onto the latitude dependence of the wind, and p,/poa impose a power law dependence of the
anisotropy strength onto the latitude. The tanh function was used here as this allows us to sensitively change the
slope and shape of the multiplier dependence on ¢. As a caveat, this manifests only as a monotonically changing
multiplier value and cannot represent a latitude dependence with turning points. This non-monotonic behaviour has
been seen in some numerical models of massive stellar winds (B. Hastings et al. 2023), although it is common to
assume smoothly changing monotonic wind parameters vs latitude for evolved massive stars (A. J. van Marle et al.
2008). The true WR wind morphology, including the effects of rotation, would require detailed stellar evolution and
magnetohydrodynamical models, and this does not appear to have been published in the literature (although this has
been recently done for non-rotating WR stars in N. Moens et al. 2022).

B.5. Miscellaneous Features and Details

There exist a number of features we have implemented into the geometric model that have either little or no effect on
the physical geometry. In the aim of performing statistical inference with our model, we have added in two parameters
that affect only the pixel values of the final render; the first is a brightness ceiling on the rendered array as an emulation
for image pixel saturation, and the second is a power law scaling of the remaining pixels mainly to exaggerate otherwise
dim pixels. Allowing for these parameters to change makes it easier to compare simulated images to real data, and
may allow for faster convergence in statistical methods on our simulations.

The next modification made to the geometric model pertains to the azimuthal angles of particles within each
generated ring. Equation B9 describes the initial Cartesian coordinates of particles within each ring, parameterised
by some azimuthal angle #},.;ticle unique to each particle within the ring. In early versions of our model, the grid of
these azimuthal angles for particles within each ring was identical across all of the rings in the plume; what we saw
was that this accentuated the quantisation error of approximating these continuous rings as a series of particles. Since
the particles were at identical angular positions within neighbouring rings, ‘stripes’ of nebulosity would be visible in
the final image. One solution to this would be to simply increase the number of particles in each ring, although this
would correspondingly increase compute time. To minimise this effect, we instead shift the angular coordinate of all
particles within a ring by 1 radian across each consecutive ring created. This imposes some quasi-randomness in the
position of the particles across neighbouring rings, especially since the angular coordinates are mod 2.

Since we calculate the position of each star at all times in the model, it is relatively straightforward to take this
position and plot the stars on the final rendered image. To do this, we generate the simulated image of the colliding
wind nebula, then inject Gaussian flux profiles on the angular positions of the stars at that epoch. The user can
determine the amplitude of the flux (how bright the star is), as well as the standard deviation of the flux profile (how
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much the flux bleeds into neighbouring pixels). Including the stars in each image helps to anchor the geometry of
the plume with respect to its origin, and the position of stars becomes particularly important in our discussion in
Section B.6.

The final small addition to the geometric model that we describe is the dust nucleation distance. Dust is expected
to nucleate at some distance, ry,c, behind the colliding wind shock (referred to as ‘dust-forming separation’ in J. W.
Eatson et al. 2022b, for example) where the conditions are favourable. This nucleation distance is estimated to be
typically on the order of tens of au for the WR CWBs, sufficiently far downstream for both mixing of the two winds and
attenuation of the stars’ ionising radiation. Because this nucleation distance is relatively small, the gaps in the models
due to dust not yet nucleated are limited to phases close to periastron for the episodic dust producers. To account
for this nucleation distance in the model, we include another ring weighting multiplier in the form of a heaviside step
function

6wl1uc . 1 I|Fpﬂl'ti(.'1(.’|| = Tnue (B24)

0 otherwise

which is then included onto Equation B18. Including this feature mainly results in a delay in dust production from
the orbital motion of the stars, and has no impact on dust shells that are not actively forming dust. The strongest
evidence for delayed onset of dust formation, apart from in hydrodynamical simulations, comes from CWB light curves
where phase shifts between orbital data and infrared peaks are apparent.

B.6. Modelling of Effects from a Tertiary Companion

Previous models of Apep have been successful in reproducing most but not all of the geometry of the colliding wind
nebula. In particular, the northern region of the VISIR image pane of Figure 3 is not suitably reproduced by previous
versions of the geometric code (see the top pane of Figure 3 for a representative example of previous attempts). Upon
realising that the cavity in the plume aligned perfectly with the apparent position of the northern companion of Apep’s
inner binary, we began investigating how a distant third massive companion could influence a colliding wind nebula.
The dominant effect appears to be destruction of the already formed dust once it collides with the tertiary O star
wind. With this in mind, our model ‘destroys’ dust that falls within some angular distance of the tertiary star with
respect to the inner WR+WR binary.

Like the generation of the colliding wind nebula, the cavity region predominantly relies on a few key parameters:
the position of the tertiary star with respect to the inner binary and the cone opening angle of the cavity. For the
former, in the code we define the position of the third star in spherical coordinates with respect to the inner binary
orbital plane. That is, we choose the angular location of the cavity with a polar and azimuthal angle, G and ogere,
as well as the radial distance of the third star, rye..

With these parameters, we de-weight the generated points whose angular coordinates are close enough to the centre
of the cone projection axis. To calculate the angular distance, we use the formula from (L. M. Kells & W. F. Kern
1940), modified to fit with the convention that the inclination # = 0 is at the north pole rather than § = —m/2:

© = arccos [cos( Brert ) €0S(Bpart) + Sin(Brert ) Sin(Bpart) €08(ert — Apart)] (B25)

We then change the weighting of each point in the rendered image by a Gaussian according to their angular distance
from the projected cone,

o2
dWiery = 1 — Agere €Xp (_BQA) (B26)
OA tert

where Agert is the amplitude of the dust destruction, © is the angular distance for each particle from the centre of the
cone, and fop et 1s the cavity opening angle. This is then appended onto Equation B18 as another pre-processing
step onto the final rendered plume. Rather than setting dwiey = 0 for all particles with © < fga tert We chose to
model this effect with a Gaussian fall off; we would expect that all dust particles having a trajectory that impacts the
tertiary O star should be destroyed, but as their impact parameter gets smaller (that is, as their trajectory deviates
further from the tertiary star’s position) we expect that proportionally fewer dust grains will be destroyed. As shown
in Figure 2 (which includes the destruction effect with parameters as in Table 2), this reproduces the geometry around
the tertiary star well.

‘While this phenomenological prescription was motivated by the Apep system, it can, in principle, be applied to
other hierarchical triples hosting WR-CWBs. Unfortunately, WR-CWBs that can be resolved with directly imaged
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are exceedingly rare with only a handful in the Galaxy, Hierarchical triple variants of these, especially those whose
tertiary companion is close enough to sculpt surviving and bright dust, are rarer still. At present, there appear to be
only two other confirmed hierarchical triple CWBs hosting WR stars: WR 104 (D. J. Wallace et al. 2002; A. Soulain
et al. 2018) and WR 147 (L. F. Rodriguez et al. 2020). For the former, the tertiary star seems too distant to affect
the spiral dust plume, and radio imagery of the latter implies that the tertiary shock does not affect the spiral nebula.
Still, this cavity preseription may be useful in later studies should similar nebular morphology be observed in other
systems.
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